We construct supersymmetric theories on the SU (3) × U (1) symmetric squashed five-sphere with 2, 4, 6, and 12 supercharges. We first determine the Killing equation by dimensional reduction from 6d, and use Noether procedure to construct actions. The supersymmetric Yang-Mills action is straightforwardly obtained from the supersymmetric Chern-Simons action by using a supersymmetry preserving constant vector multiplet. *
Introduction
Recently five-dimensional (5d) supersymmetric (SUSY) gauge theories have attracted much interest. It is known that there exist 5d gauge theories with nontrivial fixed points [1] , and their dynamics is closely related to the brane physics in string theory. The relation to six-dimensional N = (2, 0) theories provides another motivation to study 5d theories. There is an interesting proposal [2, 3] that a (2, 0) theory on a 6d manifold M × S 1 be equivalent to a 5d SUSY Yang-Mills theory on M. Because we have no Lagrangian description of (2, 0) theories and cannot directly analyze them, this relation provides an important access to (2, 0) theories through 5d gauge theories.
The first step to analyze a theory is to construct the action. The action of the N = 1 SUSY theory on the flat R 5 is given in [1] . SUSY gauge theories on various curved backgrounds are also used to obtain exact results by localization. Theories on the round S 5 [4, 5] , S 4 ×S 1 [6, 7] , and S 3 ×R 2 [8] have been constructed. SUSY theories on contact manifolds are constructed in [9] . The perturbative part of the S 5 partition function for the round S 5 is computed in [9, 10, 5] , and used to confirm predictions of AdS/CFT correspondence [5, 11, 12] . The superconformal index is computed in [6] for N = 1 SUSY gauge theories and the symmetry enhancement at the strong coupling limit is investigated.
The purpose of this paper is to give more examples of 5d SUSY theories on a curved background. We construct SUSY actions on the SU(3) × U(1) symmetric squashed S 5 with the metric
We treat S 5 as a Hopf fibration over CP 2 . The first and the second terms in (1) are the metric of the base CP 2 and that of the Hopf fiber, respectively. They are normalized so that when v = 1 (1) gives the round S 5 with radius r. The eight supercharges of N = 1 SUSY on the round S 5 belong to 4 + 4 of the isometry group SO(6) iso . The squashing breaks SO(6) iso to SU(3) × U(1). Correspondingly, the supercharges split to 3 +1 + 3 −1 and 1 −3 + 1 +3 . We will show that only one of 3 +1 +3 −1 or 1 −3 +1 +3 can be preserved in the squashing. We call these two kinds of preserved SUSY N = 3/4 and N = 1/4. We also construct theories with the number of supercharges doubled, N = 3/2 and N = 1/2 theories, by combining a vector multiplet and an adjoint hypermultiplet with a critical value of the mass parameter.
The organization of this paper is as follows. In the next section, we summarize SUSY gauge theories on conformally flat backgrounds. We explain how we can obtain a SUSY Yang-Mills theory on the round S 5 from a SUSY Chern-Simons theory in the same background, which can be obtained from the theory on the flat R 5 by using Weyl transformation. We also review the relation between SUSY in 5d and that in 6d following [5] . In §3 we construct SUSY theories on the squashed five-sphere. We first determine the Killing equation by using a twisted compactification of S 5 × R, and construct SUSY actions by Noether procedure. We also construct N = 1/2 and N = 3/2 theories by combining a vector multiplet and an adjoint hypermultiplet. §4 is devoted to discussion. Conventions for SU(2) and SO(5) are summarized in the appendix.
We use µ, ν, . . . for 5d vector indices. We use local orthonormal frame unless otherwise noted. I, J, . . . and a, b, . . . are used for SU(2) R -doublet and triplet indices, respectively, and A, B, . . . for SU(2) F -doublet indices. For more details see the appendix. 
where F αβ and F αβγ are defined by
The gauge covariant derivative and the field strength are defined by
When we consider a curved background D µ also contain the spin connection. The terms in the parenthesis in the second line of (2) is the Chern-Simons action.
The dots represent terms with one or no derivative, which exist when the gauge group is non-Abelian. The gauge invariance requires the coefficients F αβγ of the Chern-Simons term to be constant. This means that the prepotential is an at most cubic polynomial. The constant and linear terms in the prepotential do not affect the action in the flat spacetime, while we will see that the linear terms give the Fayet-Iliopoulos action in curved backgrounds.
A superconformal theory on a conformally flat background can be easily obtained by Weyl transformation from the theory on the flat R 5 . This is pointed out for 5d theories in [6] . If the prepotential is a cubic homogeneous polynomial, the action (2) is invariant under not only rigid SUSY transformation but also superconformal transformation
where the parameters ǫ I and κ I are symplectic Majorana spinors satisfying the Killing equation
Furthermore, We can make this action invariant under the local Weyl transformation
by introducing the curvature coupling of the scalar fields.
With the Weyl transformation (7), we can easily construct the N = 1 SUSY Chern-Simons action on conformally flat backgrounds. The SUSY Yang-Mills action and the Fayet-Iliopoulos action are also easily constructed with the help of a constant vector multiplet as we will explain in the next subsection. We use on-shell formalism for hypermultiplets. A hypermultiplet consists of four real scalar fields q i (i = 1, 2, 3, 4) and a symplectic Majorana spinor field ψ A (A = 1, 2). The largest symmetry of k hypermultiplets is SU(2) R × Sp(k), and an arbitrary subgroup of Sp(k) can be gauged. We mainly focus only on the subgroup SU(2) F × U(k) ⊂ Sp(k). We write down actions and transformation laws as if the gauge group G is a subgroup of U(k) and hypermultiplets belong to the adjoint representation of G. Extension to more general case is straightforward. The kinetic action of hypermultiplets on the flat R 5 is
where (ρ i ) I A and (ρ i ) A I are SU(2) R × SU(2) F invariant tensors, and (τ a ) ij is the 't Hooft symbol defined by (τ a ) ij = −(1/2)(τ a ) I J (ρ i ) J A (ρ j ) A I . This is invariant under the superconformal transformation
The Lagrangian
improved by the curvature coupling of the scalar fields is invariant under the local Weyl transformation
Note that the Weyl weights of fields in hypermultiplets are protected by the superconformal algebra. q i and ψ A have canonical weights 3/2 and 2, respectively. We can use (12) to obtain the action and the transformation laws for hypermultiplets in an arbitrary conformally flat background.
Round S 5
The quadratic term in the prepotential
gives the Yang-Mills kinetic term
Although this is not conformal in 5d, we can easily construct the SUSY Yang-Mills action on a conformally flat background. For concreteness and as a preparation for the next section, let us consider the case of the round S 5 with radius r. On the round S 5 the parameters ǫ and κ (From this subsection we omit SU (2) indices. See Appendix for the rules.) belong to 4 + 4 of the isometry group SO(6) iso . The spinors in each irreducible representation satisfy
It is convenient to define the chirality operator Γ iso for SO(6) iso which acts on 4 and 4 as +1 and −1, respectively. We combine two equations in (15) into
With the relation (16) and the transformation laws in (5), we can show that the constant vector multiplet
I , D
(1)
preserves half of the supersymmetry whose parameter satisfies
We can lift the prepotential F YM to a cubic polynomial by multiplying φ (1) = 1 to it. Namely, we can obtain the SUSY Yang-Mills action as a special SUSY Chern-Simons action with the prepotential
In 5d the constant 1/g 2 YM has mass dimension 1, and we can regard (19) as a mass deformation to the Chern-Simons theory. The supersymmetry preserved after such a mass deformation is often called rigid supersymmetry. As in the case of S 4 [13, 14] , the deformation breaks the R-symmetry SU(2) R to U(1).
We can also construct the supersymmetric completion of the Fayet-Iliopoulos term L = ζtrD 3 as a special SUSY Chern-Simons action with the prepotential
Namely, we can regard the Fayet-Iliopoulos parameters as the coefficients of the linear terms in the prepotential. Real mass parameters µ n for hypermultiplets, which are associated with global symmetries, are again introduced by using the constant vector multiplet (17) . Let T n be the generators of the global symmetries associated with the real mass parameters µ n . We weakly gauge T n , and give the expectation values to the corresponding vector multiplets. This is realized by shifting the component fields of vector multiplets in the action (9) according to
The vector multiplet V (1) is essentially the same as the central charge vector multiplet introduced in [15, 16] . The real mass parameters in (21) determine the cenrtal charges of hypermultiplets. The Yang-Mills kinetic term is also regarded as the coupling of the central charge vector multiplet to the instanton current j ∝ * tr(F ∧ F ). The Yang-Mills coupling constant is a kind of real mass parameters determining the central charge of instantons.
Let us consider a theory consisting of a vector multiplet and an adjoint hypermultiplet. In the flat background the global symmetry SU(2) R × SU(2) F is enhanced to SO(5) R , and the theory is invariant under N = 2 supersymmetry. A similar enhancement occurs in S 5 . In this case, however, a non-trivial mass deformation is needed to obtain enhanced supersymmetry [5] . The mass parameter µ F associated with the SU(2) F flavor symmetry is introduced by the shift
where τ ′ 3 is the Cartan generator of SU (2) F . This mass parameter is related to the deformation parameter ∆ in [5] by ∆ = 1/2 + iµ F r. The supersymmetry enhancement to N = 2 occurs at µ F = ±µ crit (µ crit = i/(2r)).
6d interpretation
As is argued in [5] , supersymmetry on S 5 can be derived from that in sixdimensional manifold S 5 × R, and the enhancement of supersymmetry at the critical points µ F = ±µ crit is clearly explained from this perspective. Let us look at this reduction in detail because this is quite useful when we consider squashing in the next section.
We take the following representation of 6d Dirac matrices.
(23) We use M, N, . . . = 1, . . . , 6 for 6d vector indices, and assign 12345 to S 5 and 6 to R. The N = (1, 0) superconformal symmetry in 6d is described by parameters ǫ (6) and κ (6) which have positive and negative Γ 7 chirality, respectively. They satisfy the six-dimensional Killing equation
We take the ansatz for the spinors
where ǫ and κ are the 5d spinors satisfying the 5d Killing equation (6) . We have not yet fixed the normalization of ǫ and κ, which may depend on the coordinate t ≡ x 6 along R. The relation (16) gives
(24) is automatically satisfied by (25) for M = 1, 2, 3, 4, 5. Combining (24) with M = 6 and (26) we obtain
This equation determines the t dependence of ǫ and κ. Because of this nontrivial t dependence we cannot impose the periodic boundary condition when we compactify R to S 1 . Instead, we use the twisted boundary condition
where Φ is an arbitrary field in the 6d theory, including ǫ and κ. τ 3 is the Cartan generator of the SU(2) R symmetry of the 6d N = (1, 0) theory. The Killing spinor satisfies this boundary condition only when ǫ satisfies (18) . This is an explanation for (18) in the context of compactification.
The symmetry enhancement in a theory with one adjoint hypermultiplet at the critical values of the mass parameter is explained as follows. Let us start from N = (2, 0) theory in 6d, which has SO(5) R symmetry. The SUSY parameters ǫ (6) and κ (6) belong to 4 of SO(5) R . The SU(2) R symmetry of N = (1, 0) theory is a subgroup of this SO(5) R , and its centralizer is the flavor group SU(2) F . We denote the Cartan generators of SU(2) R and SU(2) F by τ 3 and τ ′ 3 , respectively. We generalize the twisted boundary condition (28) by replacing τ 3 by
µ F is nothing but the mass parameter in (22). The condition (18) for preserved SUSY (18) is replaced by
For generic µ F , this condition is satisfied by a quarter of ǫ, and the preserved SUSY in 5d is rigid N = 1, while at the critical values µ F = ±µ crit , the number of preserved SUSY is doubled.
Squashing

Supersymmetry
The squashing of S 5 can be realized by a simple modification of the boundary condition (28). We consider the boundary condition
where J is the shift along the Hopf fiber of S 5 normalized by e 2πiJ = 1. As we will explicitly show shortly, this gives squashed sphere (1) after the dimensional reduction. The parameter u is related to v in (1) by
The parameter α should be chosen so that there exist preserved SUSY.
The relation (18) is a condition for ǫ at each t-slice, and we assume that the change of the boundary condition does not affect this relation. Then, the boundary condition (30) implies
The introduction of the generator J in the boundary condition breaks SO(6) iso to SU(3) × U(1)
Killing spinors
The metric of S 5 × R is
The first two terms are the metric of the round S 5 with radius r in the form of Hopf fibration, and the last term is the metric of R. We introduce coordinates t and ψ along R and Hopf fibers, respectively, and use the local orthonormal frame e m (m = 1, 2, 3, 4), e 5 = dψ + V, e 6 = dt.
e m are the vielbein in the base CP 2 . In this subsection we use bars to mean the original coordinate system. We will later introduce a slanted coordinate system in the 56 plane, which is convenient for the dimensional reduction. V is a differential on CP 2 , which depends on the choice of the coordinate ψ. Its exterior derivative is proportional to the Kahler form I on CP 2 ;
In the small radius limit β → 0 almost all modes become infinitely massive. For modes remaining light we can replace the twisted boundary condition (30) by the differential equation
where we used J = −2ir∂ ψ . Note that ∂ t and ∂ ψ represents simple partial derivatives with respect to t and ψ, respectively, and they do not contain the vielbein unlike D µ , which has index of the orthonormal frame.
To perform the dimensional reduction by the condition (36), it is convenient to introduce the slanted coordinate
With this coordinate, the compactification is simply represented by (t, ψ) ∼ (t + β, ψ). The metric in the new coordinate system is
If we neglect the last term in the metric, we obtain the squashed S 5 in (1). We introduce the following 6d orthonormal frame for the slanted coordinate system:
e m are the same as before, but e 5 and e 6 are related to e 5 and e 6 by 
In this new coordinate system, the constraint (36) becomes
Note that ∂ t is the simple partial derivative with respect to t, while D 6 is the 6-th component of the covariant derivative in the orthonormal frame.
To derive the Killing equation on the squashed sphere, we need to rewrite the 6d Killing equation (24) in terms of 5d language. The 6d spin connection in the slanted frame has the components
and the 6d covariant derivative becomes 
This can be regarded as a background SU(2) R gauge field, and we also include this in the 5d covariant derivative. As the result, the explicit form of the 5d covariant derivative is
where we introduced gauge connection A, which has not been taken into account in the dimensional reduction. The 6d covariant derivatives are rewritten as
With these relations and the explicit representation of the 6d Dirac matrices, we can rewrite the 6d Killing equation (24) as
and (26) as
By eliminating κ from these equations we obtain the differential equation
and the algebraic equation
The latter imposes a condition on the components of the spinor ǫ at every point. This reduces the number of independent components to six for N = 3/4 and two for N = 1/4.
Actions and transformation laws
Once we have obtained the equations that ǫ satisfies it is not difficult to obtain the SUSY actions and transformation laws by Noether procedure. We show only the results.
The transformation laws of vector multiplets are
The SUSY Chern-Simons action is
The Yang-Mills action and the Fayet-Iliopoulos action are obtained by taking the prepotential
where the SUSY preserving constant vector multiplet on the squashed sphere is
The Yang-Mills action corresponding to the first term in (57) is
The Fayet-Iliopoulos action corresponding to the second term in (57) is
The transformation laws for hypermultiplets are
The kinetic action of hypermultiplets is
By shifting the vector multiplet fields in (62) by V → V +µ re V (1) , the following real mass terms arise.
3.4 More actions in N = 1/4
When α = 3iu, the relation (54) implies τ 3 I \ǫ = 2iǫ, and there is another SUSY preserving constant vector multiplet in N = 1/4 theory.
With this multiplet we can construct the following quadratic action of vector multiplets corresponding to the prepotential
This is not independent observable from the Yang-Mills action (59) in the sense that L 1 and L YM are proportional to each other as Q-cohomology classes. Let us define Q ± by δ(ηε ± ) = ηQ ± ,
where the left hand side stands for thetransformation with the Grassmann-odd parameter ηε ± . η is a constant Grassmann-odd number and ε ± are the bosonic Killing spinors satisfying
We can show
Note that the bosonic part of (68) is not positive definite, and we cannot use this to localize the path integral. We can introduce mass terms of hypermultiplets using (64). This can be regarded as the imaginary counterpart of the real mass terms (63). By shifting the vector multiplets in (62) by
we obtain the mass terms
3.5 N = 1/2 and N = 3/2
In a gauge theory with a single adjoint hypermultiplet, the enhancement of supersymmetry occurs just as on the round S 5 . We turn on the critical value of the SU(2) F mass parameter by the shift
This corresponds to the modification of the boundary condition (30) to
The Killing equation for the enhanced supersymmetry is obtained from the 6d N = (2, 0) supersymmetry. ǫ and κ are SO(5) R quartet, and satisfy equations (53), and (54) with τ 3 replaced by τ 3 + τ ′ 3 . We can see that there are 12 supercharges for α = −iu and 4 for α = 3iu. We call these supersymmetries N = 3/2 and N = 1/2, respectively. To write down the actions and the transformation laws in SO(5) R covariant form, we embed fields and the SUSY parameters of N = 1/4 or 3/4 theory into SO(5) R multiplets as
After the elimination of the auxiliary fields D a , we obtain the transformation laws
and the action
where SO(5) R Dirac matrices ρ α are defined in the appendix.
Discussion
In this paper, we constructed SUSY transformation laws and SUSY actions in the SU(3) × U(1) symmetric squashed five-sphere. An important task we should try next is to compute the partition function. Although the instanton contribution has not yet been computed even for the round sphere, it should be possible to compute the perturbative sector of the partition function for the squashed S 5 . In the case of the round sphere, the saddle points in the perturbative sector are parameterized by the constant expectation values of the scalar fields a α in the vector multiplets, and the on-shell action is obtained by substituting the constant vector multiplets V α = a α V (1) to the action. This is also the case for the squashed S 5 . The classical Lagrangian density at the saddle point is
If we multiply the volume of the squashed sphere π 3 r 5 /v and set α = −iu and α = 3iu, we obtain the classical action for N = 3/4 and N = 1/4
Interestingly, in both cases the classical action depends on the squashing parameter through (1 + iu)/v. This is similar to the case of the SU(2) × U(1) invariant squashing of S 3 [17] . Of course we cannot conclude whether the partition function depends on the squashing parameter until we compute the one-loop contribution because the dependence of the classical action may be absorbed in the normalization of the integration variables a α . When we compute the partition function by localization, we need to choose one supercharge Q. Let us consider the N = 1/4 case. In this case Q is a linear combination of Q ± defined by (66). If we choose Q = aQ + + bQ − , its square is
where L ψ is the Lie derivative along the vector field ∂ ψ . The squashing parameter dependence is factorized up to the field dependent gauge transformation term, and we can absorb it by the coefficients a and b. This factorization strongly suggests that the partition function is independent of the squashing parameter. Indeed, in [9, 10] the partition function is computed based on the algebra (78), which is compatible with the contact structure of the manifold. It would be possible to apply the method in [9, 10] to N = 1/4 theories on the squashed sphere. Another way to obtain the partition function of N = 1/4 theory is the direct calculation based on the harmonic expansion used in [5] . Because the Q-exact terms used in [5] breaks SO(6) isometry of the round sphere to SU(3) ×U(1), the computation in [5] does not rely on the full SO(6) isometry, and the extension to the squashed sphere, which also has SU(3) × U(1) symmetry, is straightforward. For vector multiplets, we obtain 
up to a constant factor. Therefore, the squashing parameter dependence is absorbed by the rescaling
of the integration variables a α . This is nothing but the rescaling needed to absorb the squashing parameter dependence of the classical action S N = 1 4 in (77). After the rescaling (80), the expression of the partition function becomes identical to that of the round S 5 . Although we have not computed the partition function of hypermultiplets, it seems unlikely to depend on the squashing parameter.
On the other hand, in the case of N = 3/4, there is no supercharges compatible with the contact structure. Namely, there is no supercharge Q such that Q 2 generates shift along the Hopf fiber. In this case the partition function may depend on the squashing parameter.
The situation above is very similar to the 3d case. On the SU(2) × U(1) symmetric squashed S 3 , there are two kinds of supersymmetry. One is SU(2) singlet supersymmetry. In this case, the partition function does not depend on the squashing parameter [18] . See also [19, 20] for the analysis based on the contact structure. The other is SU(2) doublet supersymmetry. In this case, the partition function depends on the squashing parameter [17] just as in the case of the ellipsoidal deformation [18] .
It is an interesting problem whether the partition function of a 5d N = 3/4 theory depends on the squashing parameter. We hope to return to this problem in the near future.
Let χ a (a = 1, 2, 3, 4) be the SO(5) R quartet consists of SU(2) R doublet λ I and SU(2) F doublet ψ A , χ a = (χ 1 , χ 2 , χ 3 , χ 4 ) = (λ 1 , λ 2 , ψ 1 , ψ 2 ),
and χ ′ a be defined from λ ′ I and ψ ′ A in the same way. The SO(5) R -invariant product of these two SO(5) R quartets is defined by
The spacetime Dirac matrices γ µ have the same components as ρ α γ 1 = ρ 1 , γ 2 = ρ 2 , γ 3 = ρ 3 , γ 4 = ρ 4 , γ 5 = ρ 5 .
ρ, ρ, ρ, and γ with multiple indices represent anti-symmetric products. For example,
Backslashes represent the contraction with Dirac matrices. For example
The scalar product of two spinors are defined in the same way as SO(5) R -invariant product (87). SO(5) R invariant antisymmetric tensor is defined by
With our representation of Dirac matrices, this has the component ǫ 12345 = −1. The spacetime antisymmetric tensor has the same components with this.
